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Abstract 
Formation of shear-opening delamination and sliding zones along a weak interface in an elastic isotropic homogeneous plane 
subjected to wedging and uniaxial compression is studied. The shear-opening delamination is modeled by a mixed-mode crack, 
the sliding zones are modeled by pure shear cracks. The wedge is modeled by an edge dislocation. The interface is assumed to be 
much weaker as compare to the material of the plane so that the only interface cracks are considered. 
The possibility of formation of finite sliding zones ahead of the delamination on the weak interface is demonstrated. It is shown 
that depending on the combination of external parameters (ratio of the dislocation burgers vector and elastic modulus, distance 
from the dislocation to the interface, magnitude of applied compression, cohesion and friction angle of the interface) two 
configurations of cracks may be observed: one mixed mode crack, and three cracks – one central mixed mode crack and two 
external symmetrical shear cracks. In both cases the central crack (or a single crack) is a shear crack containing delamination in 
its central part. 
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1. Introduction 
Delamination occurring on a part of a weak interface ahead of an approaching fracture is explained by the 
presence of the tensile stress component parallel to the fracture, see Cook and Gordon (1964). This phenomenon is 
observed in various materials in lab experiments as well as in nature, e.g. dyke-sill transformations, see 
Gudmundsson (2011). It is widely accepted (see the references above) that the delamination can affect the crack 
propagation throughout the interface of serve as a barrier for crack arrest. Besides the crack growth there are other 
situations that may also lead to interface destruction as, for instance, wedging due to thermal expansion or rockmass 
fracturing near excavations. It should be understood that apart from tensile stresses the interface is also subjected to 
shear stresses that can be high enough to affect the fracture processes developing on the interface. Experiments 
(Goldstein and Osipenko, 2012) have shown that the appearance of sliding zones over the interface is capable to 
initiate secondary cracks perpendicular to the interface. Somewhat similar mechanisms are reported in Zhou et al. 
(2010) for hydrofracture modelling.  
There are numerical studies of fracture development on weak interfaces, e.g. Cook and Underwood (2001), 
Akulich and Zvyagin (2008). These studies model both delamination and slip on the interface without employing 
any fracture characteristics (e.g., stress intensity factors or energy release rate) that control fracture, which is a 
serious drawback. Early works by Galybin (1997a, 1997b) take fracture characteristics into account for the 
determination of the length of the sliding zones but do not consider delamination. In this study we model both 
delamination (as combined mode I-mode II crack) and the sliding zones (mode II cracks) caused by an edge 
dislocation in a compressed elastic plane with a weak interface (that is considered as a plane of reduced strength). 
The back influence of the interface cracks on the dislocation is not taken into account that allows one to apply the 
method suggested in Galybin and Muchamediev (2012) for estimation of the size of the delamination and the length 
of the pure sliding zones. 
The configuration shown in Fig 1 is studied. The ends of the delamination zone (-L0,L0) (“open crack” in the 
figure) are determined from the condition KI=0, and the ends of the pure sliding zones (-L,L) ( “shear crack” in the 
figure) from the condition KII=0, where KI  and KII are the stress intensity factors for opening and shear modes, 
respectively.  Besides, a more general case is considered, for which the shear zones appear also on two symmetric 
intervals outside the interval (-L,L). For this case a system of three nonlinear equations will be examined. 
 
Nomenclature 
 d distance from the wedge core to the interface  
yh   burgers vector 
k friction coefficient 
t current coordinate 
( ), ( )u t v t  components of the displacement discontinuity  
x, y Cartesian coordinates 
A, B coordinate of the left/right end of the second shear crack   
C cohesion 
G  shear modulus 
H a particular combination of parameters 
0L   half-length of the delamination (opened crack) 
L half-length of the central sliding zone (shear crack) 
IK   stress intensity factor for the opening mode 
IIK   stress intensity factor for the shear mode 
( ), ( ), ( )R t U t V t   auxiliary functions  
Q   Poisson’s ratio 
, ,xx yy xyV V V   components of the stress tensor * contour of integration 
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2. Problem formulation 
Consider an edge dislocation of magnitude hk with the core at the point (-d,0). By introducing dimensionless 
variables, normalizing all linear values by d, and the stresses by the value of compressive stresses at infinity one can 
present the normal and shear stresses along the interface (coinciding with the y-axis) in the form  
 
2 2
2 2 2 2
1 (1 )
( ) 2 , ( ) 2
(1 ) (1 )
xx xy
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From (1) it follows that the normal stress caused by the dislocation is tensile (positive) on the interval (-1,1) with 
the maximum of 2Н at у=0, while the shear stress changes the sign three times while crossing the points y=-1,0,1 
and has extremes (with the equal absolute values of Н/2) at four points 2 1y  r r . The profiles of the stress 
components in (1) along the interface are shown in Fig 2 for Н=1. 
 
 
Fig. 1. Problem configuration. 
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Fig. 2. Normal and shear stresses on the interface caused by an edge dislocation.  
3. Open mode 
Since the interface is subjected to tensile and shear stresses the appearance of a combined open-shear (mode I 
mode II) crack at the central part and pure shear (mode II) cracks at the periphery may be expected. Equilibrium of 
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these cracks may be considered separately, since the normal and shear stresses due to cracks along a straight line do 
not interfere. 
 Singular integral equation (SIE) for the normal (pure mode I) crack is as follows 
0
0
2
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Here u(t) is an unknown function, proportional to the density of discontinuity of the normal displacements along 
the interval (-L0,L0), which satisfies the following condition of single-valuedness of the normal displacements 
0
0
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u t d t

 ³    (3) 
A unique solution of SIE (2), satisfying (3), has the following form (Savruk, 1981) 
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The integral in the right hand side may be evaluated analytically, which allows one to determine KI analytically 
as well. The length of equilibrium crack, satisfying the condition KI =0, can be expressed via by a single parameter 
H as follows 
3 2
322
0 02 ( 1) , (2 ) 1H L L H       (5) 
Hereafter, it is more convenient to consider L0 as the independent parameter. 
4. Shear mode 
Suppose that sliding occurs on a certain interval (contour *) containing the interval (-L0,L0).  For simplicity it is 
assumed that the Mohr-Columb criterion is satisfied at each point of *. Omitting the intermediate computation, write 
SIE for the shear part  
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where the following step function has been introduced 
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The stresses in the right-hand side of (6) are given by the following expressions 
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Here C is cohesion (normalized by the stress at infinity); k is friction coefficient (k=tan(U), U is the friction 
angle); v(t) is an unknown function, proportional to the density of discontinuity of shear displacements along the 
contour, which should also satisfy the condition of uniqueness of shear displacements over the contour. Type of this 
condition depends on the number of shear zones developing on the interface. Obviously, due to absence of friction 
along the interval (-L0,L0), the central shear crack always appears, its length being not less than the length of the 
opened part L≥ L0. In case of rather weak interface the shear zones may also appear near the remote extrema of shear 
stress (Fig 2). The third case corresponds to coalescence of these three cracks into a single larger-size crack.  
Consider the case of three shear zones, so that the contour is described as 
( , ) ( , ) ( , )B A L L A B*        where 00 L L A B  d d   (10) 
Then the conditions of single-valuedness of the tangential displacements for SIE (6) are as follows 
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Determination of the lengths of the shear cracks may be done with the help of the Gakhov’s solution (Gakhov, 
1977) for inversion of the Cauchy integrals for m contours. Omitting the intermediate formulae, write the final 
system of equations for the lengths of cracks according to the criteria KIIc=0, which allows estimating their maximal 
lengths. 
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Here the following notations have been introduced 
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The solution of the system of three non-linear equations in (12) depends on L0, C and  k=tan(U). It has been found 
numerically, Fig 3 shows the results for the case L0=0.5 
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Fig. 3. Equilibrium positions of the cracks ends depending on relative cohesion C for various k: solid lines correspond to k=0; dashed lines do for 
k=0.1; dash-dotted lines do for k=0.33; green line corresponds to B; blue line does to A; red line does to L. 
5. Conclusions 
The problem of wedging of an elastic isotropic homogenous plane with a weak interface has been solved 
analytically. The analysis has shown the possibility of appearance of one or three sliding zones (modeled by pure 
shear cracks) and the delamination zone (combined open-shear crack) along the weak interface. The dimensions of 
the sliding zones depend on the length of the delamination zone, which in turn is determined by the dislocation 
density and the externally applied stress. The positions of the ends of the sliding zones have been computed (Fig 3) 
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